Abstract. Let f : X ! Y be a morphism of noetherian schemes, generically smooth and equidimensional of dimension d; : X 0 ! X a closed embedding such that f : X 0 ! Y is generically smooth and equidimensional of dimension d 0 , and X 0 ; X and Y are excellent schemes without embedded components. We exhibit a concrete morphism 
X and Y are excellent noetherian schemes without embedded components, we will relate the duality theory of f to that of f and explicitly. To be more precise, we will exhibit a concrete morphism Res X 0 =X : det N X 0 =X O X 0 ! d X=Y !! d 0 X 0 =Y using the second fundamental exact sequence for universal differential modules (cf. [KD] , (4.17)). For varieties over perfect fields, the existence of this morphism was proved by Lipman [Li 1 ], Section 13. It is an isomorphism if X=Y is CohenMacaulay. Here N X=X 0 denotes the normal sheaf of X 0 =X. It will be shown that
Res X 0 =X transforms the integral of X=Y into the integral of X 0 =Y. We will proceed by first studying the local situation and by proving an adjunction formula for the residue symbol and the local integral of [HK 1 ]. In particular we will show that the local integral satisfies the residue axiom (R3) of [RD], p. 197 . From the local case we will derive the global adjunction theorem via the residue theorem. The adjunction morphism and its explicit description in terms of regular differential forms plays a prominent role in Arakelov theory. S. Lang has used it (implicitly) in his version of the residue theorem [La] , IV (4.1) which is an essential ingredient in his proof of the Arakelov adjunction formula [La] , IV (5.3) . However it is also of great interest in case of varieties over a field k of characteristic 0. El Zein ([EZ 1 ], [EZ 2 ]) has applied Grothendieck duality theory and the residual complex of a variety to the construction of the fundamental class of a cycle. Using generalized fractions we will provide a canonical description of residual complexes and residue pairs of Cohen-Macaulay varieties. Combining this with the concrete realization of the adjunction morphism in terms of generalized fractions we obtain a very explicit description of fundamental classes and their traces.
In fact, we deal with a more general situation considering differential algebras on Y admissible for X=Y and X 0 =Y.
Residues and Cousin complexes
In this section we provide the basic facts about residues of regular differential forms and the construction of Cousin complexes via generalized fractions needed in the later sections. First, we recall some definitions (cf. [KD] , app.B and EGA IV, Sect. 13) and give two lemmas about equidimensional morphisms. Then we formulate a situation when regular differential forms are defined and give a short description of them using traces.
(1.1) DEFINITION. Let f : X ! Y be a morphism of schemes and x 2 X.
A Proof. We may assume that X and Y are affine. Then (a) resp. (b) are special cases of [KD] , (B.27), resp. [KD] , (C.23). If X=Y is locally a complete intersection at x, then by (b) X=Q is locally a complete intersection at x. Set R := O Q (Q), S := O X (X), m resp. p 2 Spec S the prime ideals corresponding to z resp. x, 
which induces an isomorphism of L 1 -modules
by [KD] , (16.8). Via (1.7.1) the isomorphism e r+d [Ke] , Sect. 2). There is a complex, the augmented Cousin complex, (F x ) for all x 2 Ug (p 2 N, U X open) in the sense of [Ke] , Section 4.
We are going to apply this mainly to the sheaf of regular differential forms.
Given situation (1.6) and a closed point x 2 X, set y = f(x). 
The adjunction morphism for the sheaf of regular differential forms
In this section we will define the adjunction morphism for the sheaf of regular differential forms. For this we fix the following situation: 
The conormal sheaf C X 0 =X and thus the normal sheaf
exact and induces an exact sequence of locally free
of ranks n, r + d resp. r + d 0 .
(iii) The exact sequence (2:2:1) induces a canonical isomorphism
Proof. The statements are local in X and Y . Therefore, we may assume that X and Y are affine such that C X 0 =X is generated as an O X 0-module by n global sections.
. Then S 0 = S=I and I = I 2 is generated as an S 0 -module by n elements. By assumption, for all minimal prime divisor p 2 Spec S of I we have S=R is a locally complete intersection at p and ( 1 S ) p is a free S p -module of rank r + d. By [KW] , (3.9) and (3.6) we get ( S ) p = (! S=R ) p . By assumption, S 0 has no embedded primary components. Therefore the full quotient ring L 0 := Q(S 0 ) of S 0 has the form L 0 = L q S q =IS q where q 2 Spec S runs over all minimal prime divisors of I, and hence L 0 S S = L 0 S ! S=R and L 0 S 1 S is a free L 0 -module of rank r + d. In particular, there is a canonical isomorphism
of M X 0-modules, and M X 0( 1 X ) is a locally free M X 0-module of rank r + d. By assumption, L 0 S 0 1 S 0 is a free L 0 -module of rank r + d 0 and by [KD] , (4.17) we have a canonical exact sequence of S 0 -modules
Let M denote the kernel of the canonical map . Then there is a canonical surjection I = I 2 M. Thus, M is generated as an S 0 -modules by n elements, and there is an exact sequence of L 0 -modules
, and as M is generated by n elements, M is a free S 0 -module of rank n. Since I = I 2 is generated by n elements, the canonical surjection I = I 2 Mis bijective, and hence is injective and (2.2.2) induces an exact sequence
of free L 0 -modules of ranks n, r + d and r + d 0 . Let f 1 ; : : : ; f n be a basis of I = I 2 as an S 0 -module, and f 1 ; : : : ; f n 2 Hom S 0(I = I 2 ; S 0 ) its dual basis. Further, choose ! 1 ; : : :
. This map is independent of the choice of f 1 ; : : : ; f n 2 I = I 2 and ! 1 ; : : :
?
can:
id can: 
id can:
For the existence of Res X 0 =X it suffices to show Im(a) ! r+d 0 X 0 =Y . The statement is local in X and Y , and we may assume X and Y to be affine. Because of the local-global principle it is enough to show this for the stalks in the closed points of X 0 .
Let x 2 X 0 be a closed point. We have O X 0 ;x = O X;x =I x . Since C X 0 =X;x is generated as an O X 0 ;x -module by n elements, Nakayama's lemma implies that the ideal I x is generated by n = d d 0 elements. We see that there is a system of parameters (t i ) d i=1 of X=Y at x such that t d 0 +1 ; : : : ; t d generate the ideal I x , and the residue classes 
is commutative.
We suppose, that (2.4) is proved, and finish the proof of (2.3). 
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Proof of (2:4). The proof will be done in several steps.
Step 1 
If N := b Pn S p p where p runs over all minimal prime divisors of J, then K 0
(2.4.1) 0 in the sense of [KW] , (Sect. 3) are defined. By [KW] , (3.14) and [KW] Step 2. We prove that b S N = b P N is a finite locally complete intersection, and S is a minimal prime divisor of I b S and consequently m := n \ S is a minimal prime divisor of I. Set P := n \ P and p := n \ R. As S p =pS p resp. S 0
Analogously, we see that dim(P P =pP P ) = n . By assumption and ( Step 3. Now we show a commutative diagram of traces of differential algebras. We have shown that there is a commutative diagram of ring morphisms
(2. 
where the horizontal maps are the morphisms of differential algebras induced by the horizontal maps in (2.4.3). The vertical maps are the traces corresponding to the ring morphisms in (2.4.3) in the sense of [KD] , (Sect. 16).
Step 4. Proof of (2.4). we also write !. By
Step 2 using rank arguments, we see that the canonical sequence (cf. 
and hence in e 
Consequently 
Therefore, using the definition of , we get (c )(
Now ( 
-modules (cf. [KW] , (3.13)). The diagram of morphisms of
commutes, where the vertical morphisms are induced by the isomorphisms from (2.5.1).
The following proposition is sometimes useful to gain results on the adjunction morphism as is illustrated by the next corollary and examples. It will also be applied to get the second main result about the adjunction morphism and the local residue maps.
(2.6) PROPOSITION. In Situation (2:1), let x 2 X 0 be a closed point and x 2 X 0 be a closed point, and t 1 ; : : : ; t d 2 O X;x a system of parameters of X=Y at x satisfying the assumptions of (2.6). With the notions of (2.6), we have (Res X 0 =X ) x is injective, resp. surjective, resp. bijective if and only if the canonical map c: Hom P (S; P)=JHom P (S; P) ! Hom P = J ( S=JS; P=J) is injective, resp. surjective, resp. bijective, since b O X 0 ;x =O X 0 ;x is faithfully flat. If n = 1, then c is injective as T d is a non-zerodivisor of P. If X=Y is CohenMacaulay at x, then by (1.3) S is a finite free P-module and hence c bijective. 2
The statements of Corollary 1 become wrong if we omit the assumption 'n = 1' in (i) and if we don't assume X=Y to be Cohen-Macaulay at x in (ii), as we can see from the following examples. . There are f;g2msuch that f;gform an A m -regular sequence and the rings A m =fA m and A m =(f;g) A m are normal (cf. [F] , (3.3)). By [EGA IV], (6.13) there is an h 2 Anm such that the rings A h =fA h and A h =(f;g) A h are normal.
Then the k-scheme X := Spec A h , the closed subscheme X 0 := Spec A h =fA h resp. X 00 := Spec A h =(f;g) A h of X and the trivial differential algebra = O Y on Y := Spec k satisfy the assumptions of Situation (2.1). By the smoothness criterion [KD] , (8.1), is admissible for X=Y , X 0 =Yand X 00 =Y. Using (2.6), we will show that the adjunction morphism Res X 0 =X resp. Res X 00 =X at x := mA h =(f;g) A h 2 X 00 X 0 is not surjective resp. not injective.
A m , and t 1 ; : : : ; t 5 2 S a system of parameters of S with t 4 = g and t 5 = f. Then S is an isolated singularity cf. [Mat] , (21.E)
, and S and P := k[[T 1 ; : : : ; T 5 ]] are complete, equidimensional rings of dimension 5, and S is a finite P-algebra via the k-algebra morphism P ! S, T i 7 ! t i . If p 2 Spec S is different from the maximal ideal and q := p \ P, then b S p = b P q is a finite algebra of regular rings of the same dimensions. The Auslander-Buchsbaum formula shows that b S p = b P q and hence S p =P q are flat algebras. Therefore, S T 5 resp. S T 4 are a finite flat and hence projective P T 5 -resp. P T 4 -modules. Consequently, Ext shows that is not surjective, and consequently, (2.6) implies that (Res X 0 =X ) x is not surjective.
Set J := ( T 4 ; T 5 ) P . We have the canonical exact sequence 0 ! Hom P (S; P)=T 5 Hom P (S; P) can: -Hom P = T 5 ( S=T 5 ; P = T 5 ) ! C ! 0 of P = T 5 P -modules. Since C 6 = 0, C T 4 = 0 and T 4 is a non-zerodivisor on P = T 5 P , we have Tor P = T 5 P 1 ( P = J ; C ) 6 = 0. Similarly, we see Tor P = T 5 P 1 ( P = J ; Hom P = T 5 P ( S=T 5 S; P=T 5 P) = 0. With (2.6) we get that (Res X 00 =X ) x is not injective. Now, we show the compatibility of the adjunction morphism and the residue map. To make precise what we mean, we need the following lemma about Cousin complexes: (2.9) LEMMA. Let R be a local ring, S an R-algebra, M a finitely generated S-module, and I S an ideal that is generated by a relative M-active sequence with respect to S=R of length n 2 N: Set S 0 := S=I and M 0 := M= IM: 
S 0 =S=R is injective and its image is the submodule
Proof. (a) is a straightforward computation using the universal properties of exterior algebras, tensor products and colimits. In (b) (with the notation introduced in the lemma) ( t i ) n i=1 is a basis of I = I 2 . We can assume that (' i ) n i=1 is its dual basis and s = 1 and as we may replace S by S=Ann S (M), we reduce to the case that (S; m) is local and f 1 ; : : : ; f n + p is a system of parameters of S. We may assume that is an active sequence, hence a system of parameters of S as well. Choose 2 N such that (t 
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Now we are in a position to relate the residues on X 0 with the residues on X. 
Relative duality and adjunction
In this section we prove the theorem relating the relative duality theory of morphisms f : X!Y and : X 0 !X with the duality theory of f in the situation described in the introduction. More precisely, we fix the following In the above situation, we will express the relation arising from abstract duality theory in terms of differential forms. In particular in case is a regular immersion such that no component of X 0 is completely contained in the non-smooth locus of f, it is given by the adjunction morphism constructed in (2.3). This will be very useful in our description of traces on the level of residual complexes (cf. Sect. 4). q < n . Proof. As the assertion is local in X and Y we may assume that Y = Spec R for some local ring (R;m) and X = Spec S. By [Mat] , (3.E) we also may assume that The associated spectral sequence degenerates sufficiently to yield an edge morphism
(where Ext f denotes the right derived functors of f Hom O X cf. [Kl] ). In case f Proof. First recall that by [RD] , III.6 and III.8
For f and g we have by [Li 2 ], (4.5.4) ! r+d
e and H q ( ! ! r+d X=Y )= 0 for q < n by (3.2).
As f is Cohen-Macaulay we know by [RD] V.(9.7) and [HS] , main theorem
Thus and by (3.2) the spectral sequence associated to the c ;f of () degenerates sufficiently to yield an isomorphism
Furthermore the trace Tr induces a map
making the following diagram commute 
To see this we may assume that Y = Spec R is affine, and after replacing R by Q(R) we may also assume that dim Y = 0 and consists of a single point only.
Hence for each z 2 X 0 we can find an open affine neighborhood U = Spec S X of z and an ideal J = ( t 1 ; : : : ; 
Fundamental classes of subschemes
In this section we will apply the adjunction morphism to study morphisms of residual complexes and subschemes of a given smooth variety over a field of characteristic 0 and their fundamental classes. Most of the results in this section are already contained in [EZ 2 ] and to some extend in [Li 1 ], at least from a theoretical point of view. The presentation given here might however help to clarify some of the ideas in these papers. An alternative treatment of fundamental classes in terms of adelic residues is given by Yekutieli [Ye 2 ].
First recall that a residual complex on a noetherian scheme X is a complex K X of quasi-coherent injective O X -modules, bounded below with coherent cohomology sheaves, and such that there exists an isomorphism of O X -modules
where J(x) is a skyscraper sheaf on the closed set fxg whose underlying O X;xmodule is an O X;x -injective hull of k(x). They are of particular interest as they are representatives of (pointwise) dualizing complexes on X, but they are hard to describe in general as injective hulls are unique only up to non-canonical isomorphism.
Suppose now that k is a field and that X is a k-variety, i.e., a reduced k-scheme of finite type, which is Cohen-Macaulay and equidimensional of dimension d. Furthermore assume that is an exterior differential algebra on Y = Spec k which is admissible for X=Y and let r := dim k ( 1 ). 
Proof. As the assertion is local in X we may assume that X = Spec R with some (reduced and equidimensional) Cohen-Macaulay algebra R=k. As ! r+d X=Y; x is a canonical module for O X;x by [KW] , (4.11) and [HeK] , (5.12) for each x 2 X, it is Gorenstein by [HeK] , (6.10). Now let x 2 X be a point of X. Obviously it is a morphism of complexes.
(ii) Let f : X , ! W be a regular immersion, assume that no irreducible component of X is completely contained in the singular locus of W and set h := n d. X=W is a morphism of complexes.
In the general situation assume that f can be factored as f : X g !Z h !W (at least locally) with g as in (i) and h as in (ii). Then we define Tr f := Tr h h Tr g . This map is independent of the choice of the factorization by the adjunction formalism of Section 3, and we obtain (4.6) THEOREM. The morphism
is the trace of Grothendieck duality theory (cf. [RD] , VI, Sect. 4 
